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The article is concerned with the Bourgain, Brezis and Mironescu theorem on the
asymptotic behaviour of the norm of the Sobolev-type embedding operator:Ws;p !
Lpn=ðnspÞ as s " 1 and s " n=p: Their result is extended to all values of s 2 ð0; 1Þ and is
supplied with an elementary proof. The relation
lim
s#0
s
Z
Rn
Z
Rn
juðxÞ  uðyÞjp
jx  yjnþsp
dx dy ¼ 2p1jSn1j jjujjpLpðRnÞ
is proved. # 2002 Elsevier Science (USA)1. INTRODUCTION
Let s 2 ð0; 1Þ and let p51: We introduce the space Ws;p0 ðR
nÞ as the
completion of C10 ðR
nÞ in the norm
Z
Rn
Z
Rn
juðxÞ  uðyÞjp
jx  yjnþsp
dx dy
 1=p
:
We also need the space W
s;p
? ðQÞ of functions deﬁned on the cube Q ¼ fx 2
Rn : jxijo1=2; 14i4ng which are orthogonal to 1 and have the ﬁnite normZ
Q
Z
Q
juðxÞ  uðyÞjp
jx  yjnþsp
dx dy
 1=p
:
The main result of the recent paper by Bourgain et al. ½BBM1 is the
inequality
jjujjpLqðQÞ4cðnÞ
1 s
ðn  spÞp1
jjujjp
W
s;p
? ðQÞ
; ð1Þ1To whom correspondence should be addressed.
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SOBOLEV EMBEDDINGS 231where u 2Ws;p? ðQÞ; 1=24so1; spon; q ¼ pn=ðn  spÞ; and cðnÞ depends only
on n:
The present article is a direct outgrowth of this result. Figuring out a
similar estimate for functions in W
s;p
0 ðR
nÞ; valid for the whole interval 0o
so1; one could anticipate the appearance of the factor sð1 sÞ in the right-
hand side, since the norm inW
s;p
0 ðR
nÞ blows up both as s " 1 and s # 0: The
following theorem shows that this is really the case.
Theorem 1. Let n51; p51; 0oso1; and spon: Then, for an arbitrary
function u 2Ws;p0 ðR
nÞ; there holds
jjujjpLqðRnÞ4cðn; pÞ
sð1 sÞ
ðn  spÞp1
jjujjp
W
s;p
0
ðRnÞ; ð2Þ
where q ¼ pn=ðn  spÞ and cðn; pÞ is a function of n and p:
From Theorem 1, one can derive inequality (1) for all s 2 ð0; 1Þ with a
constant c depending both on n and p (Corollary 2). In the case s51=2
considered in ½BBM1; one has 1opo2n and therefore the dependence of the
constant c on p can be eliminated. Thus, we arrive at the Bourgain–Brezis–
Mironescu result and extend it to the values so1=2:
The proof given in ½BBM1 relies upon some advanced harmonic analysis
and is quite complicated. Our proof of (2) is straightforward and rather
simple. It is based upon an estimate of the best constant in a Hardy-type
inequality for the norm inW
s;p
0 ðR
nÞ; which is obtained in Theorem 2 and is
of independent interest.
In Theorem 3 we derive a formula for lims#0 sjjujj
p
W
s;p
0
ðRnÞ which
complements an analogous formula for lims"1ð1 sÞjjujj
p
Ws;p
0
ðRnÞ found in
½BBM2:
2. HARDY-TYPE INEQUALITIES
Theorem 2. Let n51; p51; 0oso1; and spon: Then, for an arbitrary
function u 2Ws;p0 ðR
nÞ; there holds
Z
Rn
juðxÞjp
dx
jxjsp
4cðn; pÞ
sð1 sÞ
ðn  spÞp
jjujjp
W
s;p
0
ðRnÞ: ð3Þ
Proof. Let
cðhÞ ¼ jSn1j1nðn þ 1Þð1 jhjÞþ;
MAZ’YA AND SHAPOSHNIKOVA232where h 2 Rn and plus stands for the nonnegative part of a real-valued
function. We introduce the standard extension of u onto Rnþ1þ ¼ fðx; zÞ : x 2
Rn; z > 0g
Uðx; zÞ :¼
Z
Rn
cðhÞuðx þ zhÞ dh:
A routine majoration implies
jrUðx; zÞj4
nðn þ 1Þðn þ 2Þ
zjSn1j
Z
jhjo1
juðx þ zhÞ  uðxÞj dh:
Hence and by Ho¨lder’s inequality one hasZ 1
0
Z
Rn
z1þpð1sÞjrUðx; zÞjp dx dz
4
n
jSn1j
ðn þ 1Þpðn þ 2Þp

Z 1
0
z1ps
Z
jhjo1
Z
Rn
juðx þ zhÞ  uðxÞjp dx dh dz:
ð4Þ
Setting Z ¼ zh and changing the order of integration, one can rewrite (4) asZ 1
0
Z
Rn
z1þpð1sÞjrUðx; zÞjp dx dz
4
nðn þ 1Þpðn þ 2Þp
jSn1jðsp þ nÞ
Z
Rn
Z
Rn
juðxÞ  uðyÞjp
jx  yjnþsp
dx dy: ð5Þ
By Hardy’s inequality,
Z jxj
0
z1sp
Z z
0
jðtÞ dt


p
dz4sp
Z jxj
0
z1þpð1sÞj ðzÞjp dz
one has
juðxÞjp
jxjsp
¼ pð1 sÞ
Z jxj
0
z1þpð1sÞ dz
juðxÞjp
jxjp
4 pð1 sÞ
Z jxj
0
z1sp dz
Z z
0
@U
@t
ðx; tÞ

þ jUðx; tÞjjxj
 
dt
 p
4
pð1 sÞ
sp
Z jxj
0
z1þpð1sÞ
@U
@z
ðx; zÞ

þ jUðx; zÞjjxj
 p
dz:
SOBOLEV EMBEDDINGS 233Now, the integration over Rn and Minkowski’s inequality imply
Z
Rn
juðxÞjp
jxjsp
dx4
pð1 sÞ
sp
Z
Rn
Z 1
0
z1þpð1sÞ
@U
@z
ðx; zÞ


p
dz dx
 1=p
þA
 !p
; ð6Þ
where
A :¼
Z
Rn
Z jxj
0
z1þpð1sÞjxjpjUðx; zÞjp dz dx
 1=p
:
Clearly,
Ap42p=2
Z
Rn
dx
Z 1
0
z1þpð1sÞ
jUðx; zÞjp
ðx2 þ z2Þp=2
dz dx;
which does not exceed
2p=2
Z
Snþ
ðcos yÞ1þpð1sÞ
Z 1
0
jU jprn1sp dr ds; ð7Þ
where r ¼ ðx2 þ z2Þ1=2; cos y ¼ z=r; ds is an element of the surface area on
the unit sphere Sn; and Snþ is the upper half of S
n: Using Hardy’s inequalityZ 1
0
jU jprn1sp dr4
p
n  sp
 pZ 1
0
@U
@r


p
rn1þpð1sÞ dr;
one arrives at the estimate
Ap4
21=2p
n  sp
 pZ 1
0
Z
Rn
z1þpð1sÞjrUðx; zÞjp dx dz:
Combining this with (6), one obtainsZ
Rn
juðxÞjp
jxjsp
dx4
pð1 sÞ
sp
1þ
21=2p
n  sp
 pZ 1
0
Z
Rn
z1þpð1sÞjrUðx; zÞjp dx dz
which, along with (5), givesZ
Rn
juðxÞjp
jxjsp
dx4
ð1 sÞ
ðn  spÞp
pðn þ 2pÞ3p
jSn1jsp
jjujjp
W
s;p
0
ðRnÞ: ð8Þ
In order to justify (3) we need to improve (8) for small values of s: Clearly,
jSn1j
2spsp
Z
Rn
juðxÞjp
jxjsp
dx ¼
Z
Rn
Z
jxyj>2jxj
dy
jx  yjnþsp
juðxÞjp dx:
MAZ’YA AND SHAPOSHNIKOVA234Since jx  yj > 2jxj implies 2jyj=3ojx  yjo2jyj; we obtain
jSn1j
2spsp
Z
Rn
juðxÞjp
jxjsp
dx
 1=p
4
Z
Rn
Z
jxyj>jxj
juðxÞ  uðyÞjp
jx  yjnþsp
dx dy
 1=p
þ jSn1j
3sp  1
2spsp
Z
Rn
juðyÞjp
jyjsp
dy
 1=p
:
Hence,
jSn1j
2spsp
 1=p
ð1 ð3sp  1Þ1=pÞ
Z
Rn
juðxÞjp
jxjsp
dx
 1=p
421=pjjujjWs;p
0
ðRnÞ:
Let d be an arbitrary number in ð0; 1Þ: If s4ð4pÞ1dp; we conclude
Z
Rn
juðxÞjp
jxjsp
dx4
2sp1sp
jSn1jð1 dÞp
jjujjp
W
s;p
0
ðRnÞ: ð9Þ
Setting d ¼ 21 and comparing this inequality with (8), we arrive at (3) with
cðn; pÞ ¼ jSn1j1ðn þ 2pÞ3pppþ22ðnþ1Þðnþ2Þ: The proof is complete. ]
From Theorem 2, we shall deduce an inequality, analogous to (3), for
functions deﬁned on the cube Q: Unlike (3), this inequality contains no
factor s in the right-hand side, which is not surprising, because, for smooth
u; the norm jjujjWs;p? ðQÞ tends to a ﬁnite limit as s # 0:
Corollary 1. Let n51; p51; 0oso1; and spon: Then any function
u 2Ws;p? ðQÞ satisfies
Z
Q
juðxÞjp
dx
jxjsp
4cðn; pÞ
1 s
ðn  spÞp
jjujjp
W
s;p
? ðQÞ
: ð10Þ
Proof. Let us preserve the notation u for the mirror extension of
u 2Ws;p? ðQÞ to the cube 3Q; where aQ stands for the cube obtained from
Q by dilation with the coefﬁcient a: We choose a cut-off function Z; equal to
1 on Q and vanishing outside 2Q; say, ZðxÞ ¼
Qn
i¼1 minf1; 2ð1 xiÞþg: By
Theorem 2, it is enough to prove that
jjZujjp
W
s;p
0
ðRnÞ4s
1cðn; pÞjjujjp
W
s;p
? ðQÞ
: ð11Þ
SOBOLEV EMBEDDINGS 235Clearly, the norm in the left-hand side is majorized by
Z
3Q
Z
3Q
juðxÞ  uðyÞjp
jx  yjnþsp
dx ZðyÞp dy
 1=p
þ
Z
3Q
Z
3Q
jZðxÞ  ZðyÞjp
jx  yjnþsp
dxjuðyÞjp dy
 1=p
þ 2
Z
3Q
Z
Rn=3Q
dy
jx  yjnþsp
jðZuÞðxÞjp dx
 1=p
:
The ﬁrst term does not exceed 6n=pjjujjWs;p? ðQÞ; the second term is not greater
than
2n1=2
Z
3Q
Z
3Q
dy
jx  yjnpð1sÞ
juðyÞjp dy
 1=p
4n32þn=p
jSn1j
pð1 sÞ
 1=p
jjujjLpðQÞ;
and the third one is dominated by
2
Z
2Q
Z
jxyj>1=2
dy
jx  yjnþsp
juðxÞjp dx
 !1=p
4
2nþ1þp
sp
 1=p
jjujjLpðQÞ:
Summing up these estimates, one obtains
jjZujjWs;p
0
ðRnÞ46
n=pjjujjWs;p
0
ðQÞ þ n3
2þn=pp1=pðs1=p þ ð1 sÞ1=pÞjjujjLpðQÞ: ð12Þ
Recalling that u ? 1 on Q; one has for any z 2 QZ
Q
juðxÞjp dx4
Z
Q
Z
Q
juðxÞ  uðyÞjp dx dy42p
Z
Q
juðxÞ  uðzÞjp dx:
Hence and by the obvious inequalityZ
2Q
dz
jx  zjnpð1sÞ
>
Z
jzxjo1=2
dz
jx  zjnpð1sÞ
¼
jSn1j
pð1 sÞ2pð1sÞ
;
where x 2 Q; it follows thatZ
Q
juðxÞjp dx4
2pð2sÞpð1 sÞ
jSn1j
Z
2Q
Z
Q
juðxÞ  uðzÞjp
jx  zjnpð1sÞ
dx dz:
Thus,
jjujjLpðQÞ42
2þn=pn1=2
pð1 sÞ
jSn1j
 1=p
jjujjWs;p? ðQÞ:
MAZ’YA AND SHAPOSHNIKOVA236Combining this inequality with (12), we justify (11) and hence complete the
proof. ]
3. SOBOLEV EMBEDDINGS
Proof of Theorem 1. It is well known that the fractional Sobolev norm of
order s 2 ð0; 1Þ is nonincreasing with respect to symmetric rearrangement of
functions decaying to zero at inﬁnity (see [W, AL, Theorem 9.2; Ci]). Let
vðjxjÞ denote the rearrangement of juðxÞj: Then
jjujjLqðRnÞ ¼
jSn1j
n
Z 1
0
vðrÞq dðrnÞ
 1=q
; ð13Þ
where jSn1j is the area of the unit sphere Sn1: Recalling that an arbitrary
non-negative nonincreasing function f on the semi-axis ð0;1Þ satisﬁes
Z 1
0
f ðtÞl dðtlÞ4l
Z 1
0
Z t
0
f ðtÞ dt
 l1
f ðtÞ dt ¼
Z 1
0
f ðtÞ dt
 l
; l51
(see [HLP]), one ﬁnds that the right-hand side in (13) does not exceed
jSn1j
n
 1=q Z 1
0
vðrÞp dðrnspÞ
 1=p
¼
ðn  spÞ1=p
n1=qjSn1js=n
Z
Rn
vðjxjÞp
dx
jxjsp
 1=p
:
We now see that (2) results from inequality (3). ]
Corollary 2. Let n51; p51; 0oso1; and spon: Then any function
u 2Ws;p? ðQÞ satisfies
jjujjpLpðQÞ4cðn; pÞ
1 s
ðn  spÞp1
jjujjp
W
s;p
? ðQÞ
:
Proof. Let Z be the same cut-off function as in Corollary 1. The result
follows by combining inequality (11) with Theorem 1 where u is replaced
by Zu: ]
4. ASYMPTOTICS OF THE NORM IN W
s;p
0 ðR
nÞ AS s # 0
Theorem 3. For any function u 2
S
0oso1W
s;p
0 ðR
nÞ; there exists the limit
lim
s#0
sjjujjp
W
s;p
0
ðRnÞ ¼ 2p
1jSn1j jjujjpLpðRnÞ:
SOBOLEV EMBEDDINGS 237Proof. Since d can be chosen arbitrarily small, inequality (9) implies
lim inf
s#0
sjjujjp
W
s;p
0
ðRnÞ52p
1jSn1j jjujjpLpðRnÞ: ð14Þ
Let us majorize the upper limit. By (14), it sufﬁces to assume that u 2 LpðRnÞ:
Clearly,
sjjujjp
W
s;p
0
ðRnÞ4 2 s
Z
Rn
Z
jyj52jxj
dy
jx  yjnþsp
juðxÞjp dx
 1=p(
þ s
Z
Rn
juðyÞjp
Z
jyj52jxj
dx dy
jx  yjnþsp
 1=p)p
þ 2s
Z
Rn
Z
jxjojyjo2jxj
juðxÞ  uðyÞjp
jx  yjnþsp
dx dy:
The ﬁrst term in braces does not exceed
s
Z
Rn
Z
jyj5jxj
dy
jx  yjnþsp
juðxÞjp dx
 1=p
¼
jSn1j1=p
p1=p
Z
Rn
juðxÞjp
jxjsp
dx
 1=p
hence its lim sups#0 is dominated by jS
n1j1=pp1=pjjujjLpðRnÞ: The second term
in braces is not greater than
s1=p 2nþsp
Z
Rn
juðyÞjp
jyjnþsp
dy
Z
jxjojyj=2
dx
 !1=p
¼ 2s
s
p
jSn1j
 1=p Z
Rn
juðyÞjp
jyjsp
dy
 1=p
;
so it tends to zero as s # 0:
We claim that
lim sup
s#0
s
Z
Rn
Z
jxjojyjo2jxj
juðxÞ  uðyÞjp
jx  yjnþsp
dx dy ¼ 0: ð15Þ
By assumption of the theorem, u 2Wt;p0 ðR
nÞ for a certain t 2 ð0; 1Þ: Let N be
an arbitrary number greater than 1 and let sot: We have
2s
Z
Rn
Z
jxjojyjo2jxj
juðxÞ  uðyÞjp
jx  yjnþsp
dx dy
42sNpðtsÞ
Z
Rn
Z
jxjojyjo2jxj
jxyj4N
juðxÞ  uðyÞjp
jx  yjnþtp
dx dy
þ 2s
Z
Rn
Z
jxjojyjo2jxj
jxyj>N
juðxÞ  uðyÞjp
jx  yjnþsp
dx dy:
MAZ’YA AND SHAPOSHNIKOVA238The ﬁrst term in the right-hand side tends to zero as s # 0 and the second one
does not exceed
2pþ1s
Z
jxj>N=3
Z
jxyj>N
dy
jx  yjnþsp
juðxÞjp dx4cðn; pÞ
Z
jxj>N=3
juðxÞjp dx;
which is arbitrarily small if N is sufﬁciently large. The proof is complete. ]
Remark. Since the proof of Theorem 3 holds for vector-valued
functions, one can write
lim
s#0
s
Z
Rn
Z
Rn
jruðxÞ  ruðyÞjp
jx  yjnþsp
dx dy ¼ 2p1jSn1j
Z
Rn
jruðxÞjp dx
for any function u such that ru 2
S
0oso1W
s;p
0 ðR
nÞ: This formula
complements the following relation which was established in ½BBM2:
lim
s"1
ð1 sÞ
Z
Rn
Z
Rn
juðxÞ  uðyÞjp
jx  yjnþsp
dx dy ¼
Z
Sn1
jcos yjp ds
Z
Rn
jruðxÞjp dx;
where y is the angle deviation from the vertical.
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